Abstract. Let p be an odd prime number. In this article, we study the number of quadratic residues and non-residues modulo p which are multiples of 2 or 3 or 4 and lying in the interval [1, p − 1], by applying the Dirichlet's class number formula for the imaginary quadratic field Q( √ −p).
Introduction
Let p be an odd prime number. A number a ∈ {1, . . . , p − 1} is said to be a quadratic residue modulo p, if the congruence
has a solution in Z. Otherwise, a is said to be a quadratic non-residue modulo p. The study of distribution of quadratic residues and quadratic non-residues modulo p has been considered with great interest in the literature (see for instance, [1] , [3] , [4] , [6] , [7] , [8] , [12] , [14] , [15] , [16] , [17] , [18] , [19] , [21] , [22] , [23] , [24] and [25] ). Since Z/pZ is a field, the polynomial X p−1 − 1 has precisely p − 1 non-zero solutions over Z/pZ. As p is an odd prime, we see that X p−1 − 1 = (X (p−1)/2 + 1)(X (p−1)/2 − 1) and one can conclude that there are exactly p−1 2 quadratic residues as well as non-residues modulo p in the interval [1, p − 1]. Question 1. For an odd prime number p and a given natural number k with 1 ≤ k ≤ p−1, we let S k ⊂ {1, 2, . . . , p − 1} be the non-empty subset consisting of all natural numbers which are multiples of k. How many quadratic residues (respectively, non-residues) lie inside S k ?
In the literature, there are many papers addressed similar to Question 1 and to name a few, one may refer to [9] , [11] and [13] . First we shall fix some notations as follows. We denote by Q(p, S k ) (respectively, N(p, S k )) the number of quadratic residues (respectively, quadratic non-residues) modulo p in the subset S k of the interval [ 
The standard techniques in analytic number theory answers the above question as
and the same result is true for N(p, S k ) for k = 2, 3 and 4 (we shall be proving this fact in this article). However, it might happen that for some primes p, we may have
Using the standard techniques, we could not answer this subtle question. In this article, we shall answer Question 1 using the Dirichlet's class number formula for the field Q( √ −p), when k = 2, 3 or 4. More precisely, we prove the following theorems.
Theorem 1. Let p be an odd prime. Then
Moreover, when the prime p ≡ 1 (mod 4), we have
Corollary 1.1. Let p be an odd prime and let O denote the set of all odd integers in
Theorem 2. Let p be an odd prime. Then, we have
Corollary 1.2. Let p be an odd prime. Then, we have
Theorem 3. Let p be an odd prime. Then, for p ≡ 3 (mod 8), we have
Moreover, we have
Corollary 1.3. Let p be an odd prime. Then, for p ≡ 3 (mod 8), we have
Using Theorems 1 and 3, we conclude the following corollary.
Corollary 1.4. Let p be an odd prime such that p ≡ 3 (mod 8). Then
Preliminaries
In this section, we shall state many useful results as follows.
Theorem 4.
(Polya-Vinogradov) Let p be any odd prime and χ be a non-principal character modulo p. Then, for any integers 0 ≤ M < N ≤ p − 1, we have
Let us define the following counting functions as follows. Let
where · p is the Legendre symbol. Then, we have f (x) = 1 if x is a quadratic residue (mod p) 0 otherwise. and g(x) = 1 if x is a quadratic nonresidue (mod p) 0 otherwise. In the following Lemma, we prove the "expected" result.
Lemma 1.
For an integer k ≥ 1 and an odd prime p, let S k = kI where I is an interval
More precisely,
The same expressions hold for N(p, S k ) also.
Proof. We prove for Q(p, S k ) and the proof of N(p, S k ) follows analogously. Let ψ k be the characteristic function for S k which is defined as
Now, by (2), we see that
which proves (4). Then, by Theorem 4, we get
This finishes the proof.
The following lemma is crucial for our discussions. This lemma connects the sum of Legendre symbols and the Dirichlet L-function associated to Legendre symbol via the famous Dirichlet class number formula for the quadratic field. For any real number ℓ ≥ 1, we define
Then we have the following equalities.
(1) For a prime p ≡ 3 (mod 4), we have
where L(1, χ p ) is the Dirichlet L-function; Also, we have
(2) For a prime p ≡ 1 (mod 4), we have
Also, we have
Now, we need the following lemma, which deals with Legendre symbols adding up to 0. This was proved in [2] . For more relations one may refer to [9] . The following theorem can be found in [5] and [10] .
Theorem 5. Let n ≥ 1 be an odd integer and let ψ be a non-trivial Dirichlet character modulo n. Let L(s, ψ) be the Dirichlet L-function. Then 1 log n ≪ L(1, ψ) ≪ log n.
Proof of Theorem 1
Let p be a given odd prime. We want to estimate the quantity Q(p, S 2 ). Therefore, by (5), we get Case 2. p ≡ 3 (mod 8) By Lemma 2 (1) and by (7), we get
In this case, we know that 2 p = −1. Therefore, we get
Then, by Theorem 5, we get
as desired.
